We show that four-dimensional black holes become stable below certain mass when the EinsteinHilbert action is supplemented with higher-curvature terms. We prove this to be the case for an infinite family of ghost-free theories involving terms of arbitrarily high order in curvature. The new black holes, which are non-hairy generalizations of Schwarzschild's solution, present a universal thermodynamic behavior for general values of the higher-order couplings. In particular, small black holes have infinite lifetimes. When the evaporation process makes the semiclassical approximation break down (something that occurs after a time which is usually infinite for all practical purposes), the resulting object retains a huge entropy, in stark contrast with Schwarzschild's case.
I. INTRODUCTION
As proven by Hawking [1] , a black hole with surface gravity κ emits thermal radiation with a temperature T H = κ/(2π). In the prototypical case of a Schwarzschild black hole [2] of initial mass M 0 , the temperature increases as the black hole radiates, as a consequence of its negative specific heat. After a finite time of order ∼ M 3 0 /M 4 P , where M P is the Planck mass, the black hole evaporates down to an order-M P object of order-one entropy. This suggests a violent ending for the evaporation process, and gives rise to the information paradox (see [3, 4] for recent reviews): a pure state collapsed to form a black hole would evolve into thermal radiation, in tension with the unitary evolution expected from quantum mechanics -see [5] , though. Before the evaporation process has come to an end, one could hope that the black hole acts as an information reservoir (so that, e.g., pure states are still pure when one does not trace out over the interior degrees of freedom). This is however very difficult to sustain, given the extremely low entropy of the Planck-mass object towards which the black hole evolves -see also the discussion at the end of Section VI.
These considerations rely, in particular, on the somewhat unusual thermodynamic properties of the Schwarzschild black hole, which is expected to be the correct description of the exterior gravitational field of any static and spherically symmetric matter configuration for small enough curvatures. On the other hand, the effective gravitational action is expected to contain an infinite series of higher-derivative corrections modifying the usual Einstein-Hilbert term -see e.g., [6] [7] [8] [9] [10] . One is then naturally led to wonder how these terms modify Schwarzschild's solution in higher-curvature situations and how such modifications might affect its thermodynamic behavior, as well as the evaporation process -see e.g., [11] [12] [13] for progress in this direction (mostly in higher-dimensions).
Unfortunately, constructing non-trivial extensions of the four-dimensional Schwarzschild black hole in higherderivative gravities is a far from trivial task -see e.g., [14, 15] . 1 For example, as opposed to the D ≥ 5 cases, all the higher-order Lovelock invariants [21, 22] -which due to their special properties do allow for such simple extensions, e.g., [11, [23] [24] [25] [26] [27] -are trivial in D = 4.
Recently, the construction of Einsteinian cubic gravity [28] , has triggered the construction of new four-(and higher-)dimensional generalizations of the Schwarzschild black hole [29] [30] [31] [32] [33] . These solutions share the property of being fully determined by a single metric function, i.e., they can be written in Schwarzschild-like coordinates as
a characteristic which turns out to be related to the absence of ghosts in the linearized spectrum of the theory [32, 34] . Besides, the new black holes are non-hairy and fully characterized by their mass M , they describe the exterior field of spherical mass distributions [32] , and reduce to Schwarzschild's solution when the corresponding higher-derivative couplings are set to zero. In this paper, we will argue that these black holes are particular cases of an infinite family of four-dimensional solutions to a gravity theory involving terms of arbitrarily high order in curvature. As opposed to Schwarzschild's, the specific heat of the new black holes becomes positive below certain mass, which completely changes the evaporation process. In particular, the new small black holes have infinite lifetimes. Besides, following the evaporation process till the point in which the semiclassical approximation breaks down, one finds that a naturally enormous time is required and that the resulting object has a huge entropy, in flagrant contrast with the Schwarzschild black hole case -see Table I below for a summary. In the small mass regime, the new (asymptotically flat) black holes satisfy the Smarr-type relation: M = 2 3 T S, which, intriguingly, coincides with the result corresponding to a three-dimensional CFT at finite temperature. We argue that the above properties are universal for general values of the higher-order couplings.
II. HIGHER-ORDER CORRECTIONS
The four-dimensional theories studied in [28] [29] [30] [31] [32] and [33] are cubic and quartic representatives of an infinite family of higher-order gravities admitting simple extensions of the Schwarzschild solution whose thermodynamic properties can be easily accessed. The Lagrangian of this family can be written as
where G = 1/M 2 P is the Newton constant, M c is some new energy scale, λ n are dimensionless couplings and n is the order in curvature of each invariant R (n) , which will be formed by contractions of the metric and the Riemann tensor (but not its covariant derivatives).
The R (n) are constructed using the following criterion. Let L f be the effective Lagrangian resulting from the evaluation of |g|L on the ansatz (1), i.e., L f ≡ |g|L| g ab =g ab f . Then, we select the R (n) in a way such that the Euler-Lagrange equation of f (r) associated to L f vanishes identically, i.e., for all f (r). As shown in [32] , any theory of the form (2) fulfilling this requirement, satisfies the following properties: 1) it allows for solutions of the form (1), where f (r) is determined by a second-order differential equation; 2) these solutions describe the exterior gravitational field of a static and spherically symmetric mass distribution; 3) the solutions are fully characterized by the total mass M ; 4) the linearized equations on the vacuum are the same as Einstein gravity's (up to an overall constant), which in particular implies that the theory spectrum is free of ghost modes -see appendix D.
Interestingly, for a given order n, there is a single possible way of modifying the (n − 1)-order solution. In other words, once we find a particular density R A n contributing non-trivially to the equation determining f (r), there does not exist a different density R B n which contributes in a different way to the same equation. There is however an important level of degeneracy on the R n (growing with n), namely, there are several independent densities which give rise to the same equation (connected through the addition of densities which do not modify the equations of motion when evaluated on a general static and spherically symmetric ansatz). This is the case, for example, of the Einsteinian cubic gravity [28] and Generalized quasitopological gravity [31] densities in the cubic case.
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Our interest in this paper lies on the thermodynamic properties of the solutions, which are not affected by the particular representative R (n) chosen at a given order. Information about the explicit form of the R (n) for general values of n is provided in appendix A. For the sake of completeness, let us at least mention that particularly nice invariants for n = 3 and n = 4 are given, respectively, by:
e f R bgdh ). These densities belong to the Einsteinian class [28, 35] , i.e., when considered in (2), the corresponding theories share the linearized spectrum of Einstein gravity not only in D = 4, but also when considered in arbitrary higher dimensions. 
III. BLACK HOLES
When evaluated in the ansatz (1), the field equations of (2) reduce to the following (single) second-order differential equation for f (r)
2 In [31, 33] , careful analyses of these degeneracies were carried out for the cubic and quartic cases (not only in D = 4, but in general dimensions). 3 It would be interesting to find out whether one can always construct invariants R (n) belonging to the Einsteinian class for arbitrary n. 4 In practice, we constructed explicitly the first three densities: R (3, 4, 5) , which allowed us to guess the pattern for general n in (3). Then, we verified that the n = 6, 7, 8, 9, 10 cases indeed agree with such pattern. Observe that the pattern is very simple, which strongly supports our claim that (3) is also valid for general n ≥ 11. We also checked that, in all cases, there is indeed a single possible way of modifying (3) at a given order n.
where M stands for the ADM mass of the solution [36] [37] [38] . For n = 3 and n = 4, the above equation agrees with the ones found for Einsteinian cubic gravity [29, 30] and the quartic version [33] of Generalized quasitopological gravity [31] . The general version of this equation for arbitrary values of the cosmological constant and general horizon geometries can be found in appendix C.
Observe that all terms in the sum contribute to the equation in a very similar fashion, which will ultimately be responsible for the universal thermodynamic properties of the solutions. In order for (1) to represent a black hole solution, we need to impose asymptotic flatness, as well as the existence of a regular horizon for some r = r h > 0.
In the asymptotic region, the Einstein gravity contribution dominates f (r), and the higher-order corrections can be assumed to be small. These considerations 5 lead to the following asymptotic expansion:
where the dots stand for subleading contributions on GM/r (including terms proportional to the higher-order couplings), and
(5) Hence, in order to get an asymptotically flat solution, we must set A = 0, which is equivalent to fixing one of the two integration constants in (3) . Observe that in order for this conclusion to hold, we must demand the lowestorder non-vanishing λ n to be positive (we chose this to be λ 3 in (4)). Otherwise, we would obtain non-decaying oscillating solutions which would not be asymptotically flat in general. The second term in (5) can be neglected for practical purposes, as the decaying exponential is extremely subleading in (4) .
Imposing the existence of a regular event horizon fixes the remaining integration constant. In order to see this, it is convenient to perform a Taylor expansion at the horizon,
where T is the black hole temperature and a n = f (n) (r h )/n!. Solving (3) for the first two orders in (r−r h ) 5 Further details on this kind of analysis can be found in [30, 31, 33] . gives rise to the following relations:
These equations fix r h and T in terms of the black hole mass M . Note that these relations are exact, as they are necessary conditions for having a smooth near-horizon geometry. Depending on the values of the λ n and the mass, these equations can have one, several, or even no solutions at all. If there are several solutions, it means that various possible black holes with the same mass can exist. However, only one of the solutions will smoothly reduce to Schwarzschild in the limit λ n → 0 for all n. This is the one which should be regarded as physical. We will be mostly interested in the case in which there is a unique solution for any value of M , in whose case we can write T (M ) and r h (M ) without ambiguity. This happens, for example, if λ n ≥ 0 for all n, which, at the same time ensures the solution to be well-behaved asymptotically. Once T (M ) and r h (M ) have been determined, the (r − r h ) 2 -order equation fixes a 3 as a function of a 2 = f (r h )/2, the (r − r h ) 3 one fixes a 4 as a function of a 3 and a 2 , and so on. In this process the only undetermined parameter is a 2 , which means that the solution will be fully determined once we choose a value for it. Therefore, the family of solutions with a regular horizon is characterized by a single parameter, which must be carefully chosen so that the solution is asymptotically flat. In all cases studied, a numerical analysis shows that there is a unique value of a 2 for which asymptotic flatness is achieved. This means that there exists a unique asymptotically flat black hole, fully characterized by its mass M , which reduces to Schwarzschild's solution when the higher-order couplings are set to zero. The results presented in [32] imply that, just like for Schwarzschild in the Einstein gravity case, this will also represent the exterior field of a generic spherically symmetric matter distribution.
In appendix B, we provide a detailed discussion of the numerical construction of the solutions (which, unfortunately, do not seem accesible analitically). The resulting metric functions, f (r), for a particular set of λ n and different values of M c are shown in Fig. 1 . Changing the λ n does not modify these curves qualitatively.
IV. THERMODYNAMICS
Making use of Wald's formula [39] , it is possible to compute the entropy of the solutions, which yields
where χ is defined as
Using (9), we verify that the first law, dM = T dS, is satisfied. The last term in (9) is a constant that ensures that S → 0 as M → 0, something that can always be done by adding a particular total derivative term to the original action (2) (e.g., an explicit Gauss-Bonnet contribution). As opposed to the case of the Schwarzschild black hole, the temperature of the new solutions reaches a maximum for certain value of the mass, M max ∼ M 2 P /M c . As shown in Fig. 2 , black holes with large enough masses behave like Schwarzschild's. However, when M < M max , the specific heat of the solutions becomes positive, which implies that small black holes behave as ordinary thermodynamic systems. Hence, for instance, they become colder as they radiate, and they tend to reach equilibrium in the presence of a thermal environment. This behavior takes place as soon as one of the higher-order couplings is nonzero. Remarkably, turning on additional couplings does not modify this behavior qualitatively. All the possible black holes corresponding to the infitely many possible choices of λ n (≥ 0) belong to the same universality class, the only exception being Schwarzshchild's black hole.
When the mass is much smaller than the corresponding maximum value, M M max , the expressions for r h (M ), 
Black hole temperature as a function of the mass for Schwarzschild's solution (red) and for the higher-order black holes with λ3 = λ4 = λ5 = λ6 = 1, λn>6 = 0 (note that the blue line is valid for any Mc). The higher-order black holes become stable below Mmax ∼ M 
S(M ) and T (M ) are approximately given by
In this regime, the solutions satisfy the Smarr relation
which turns out to coincide with the result corresponding to a three-dimensional CFT at finite temperature (if we identify M with the CFT energy density). Note that (13) is valid for arbitrary values of λ n as long as at least one of them is non-vanishing. This is a quite intriguing result. In fact, (13) coincides also with the result found for planar asymptotically Anti-de Sitter (AdS) black holes, as expected from the AdS/CFT correspondence [40] [41] [42] . In contrast, (13) holds here for the spherically symmetric and asymptotically flat black holes of the theory (2) in the small mass limit. Note that (13) differs from Schwarzschild's analogous relation, which reads M = 2T S instead (observe that such relation is also valid for general λ n when M M max ).
V. BLACK HOLE EVAPORATION
Let us now explore how the evaporation process of black holes gets affected by the special thermodynamic behavior of the new solutions in the small mass regime. The rate of mass-loss of a black hole in the vacuum can
We compare the result of the evaporation process for a Schwarzschild black hole to the one for the new higher-order solutions at the scale for which the semiclassical approximation stops making sense. When the minimum mass is reached, the Schwarzschild black hole has turned into a Planck-mass object of order-one entropy. For the new black holes, the entropy of the resulting object is huge instead.
be computed using the Stefan-Boltzmann law,
where σ = π 2 /60. Using (11), we can easily integrate this expression for M M max . The result is
, where
is the half-life of the black hole. Then, we observe that an infinite time is required for the black holes to evaporate completely. 6 Note also that the half-life is huge as long as M c M P . This condition can be easily made compatible with the requirement that the physics of macroscopic black holes does not get affected by the new couplings, which can be expressed as: M c (GM ) −1 ∼ 10 −9 eV. The regime of validity of the semiclassical description is characterized by the fact that the horizon radius is much greater than the corresponding Compton wavelength, i.e., r h λ Compton ∼ 1/M . Similarly, the thermodynamic description is valid whenever S 1, and breaks down as S ∼ 1. A Schwarzschild black hole reaches the Planck mass in a time ∆t ∼ M 3 0 /M 4 P , after which both conditions are violated. In contrast, for the new black holes, the condition on the entropy is never violated as long as we choose M c M P . The semiclassical approximation stops making sense for a mass of order
Interestingly, when such a mass is reached, the entropy is still very large, namely
Starting with a black hole of initial mass M min M 0 M max , the minimum mass is reached in a time
6 A similar behavior was previously observed, for example in: [11, 12] for certain higher-dimensional Lovelock black holes; [13] for D(> 4)-dimensional black holes in dilaton gravity modified with a stringy Riemann-squared term; and in [43] for D = 2 dilaton gravity black holes.
which, remarkably, does not depend on M 0 as long as M 0 M min . We summarize these observations in Table  I .
It is illustrative to make a quantitative comparison with the Schwarzschild case. If we choose, say, M c ∼ 1 GeV, the temperature maximum would be at M max ∼ 10 13 kg, and the semiclassical approximation break down mass would be M min ∼ 10 6 TeV. At that point, the entropy would be of order S min ∼ 10
19 . In contrast, a Schwarzschild black hole of mass M 0 ∼ 10 6 kg, would evaporate down to the Planck mass in ∆t ∼ 1 minute, with a final entropy S ∼ 1. One of the new higher-order black holes with the same initial mass (or, in fact, with any mass such that M min M 0 M max ), would need ∆t ∼ 10 25 times the age of the universe to reach M min . Hence, in contrast to the Schwarzschild case, the lifetime of the new small black holes (understood, in this case, as the period till the semiclassical approximation breakdown) is usually huge or, rather, infinite for all practical purposes.
Let us close this section by mentioning that one could of course consider the evaporation process of black holes with M 0 > M max as well. In that case, the process would be Schwarzschild-like till the black hole reaches the point for which the remaining mass is smaller than M max . After that, the discussion in this section would start applying. Of course, this implies that all black holes -big or small -belonging to the new family have infinite lifetimes.
VI. CONCLUSIONS
In this paper, we have presented an infinite family of four-dimensional higher-order gravities admitting nonhairy, static and spherically symmetric generalizations of the Schwarzschild black hole. The new theories, defined in (2), have the same linearized spectrum as Einstein gravity, which implies, in particular, that no ghost modes are propagated by metric perturbations on the vacuum.
The new solutions, which reduce to Schwarzschild's when all the higher-order couplings are set to zero, present a thermodynamic behavior which notably differs from the one encountered in the Schwarzschild black hole. In particular, the specific heat of the black holes becomes positive below certain mass M max ∼ M Even though the solutions cannot be constructed analytically -see appendix B for a detailed discussion of the numerical construction -, the relevant thermodynamic magnitudes can be accessed exactly and, in particular, explicit expressions for the horizon radius, the temperature and the entropy as functions of the black hole mass M can be written for small enough masses, M M max -see equations (11) and (12) . In this regime, the black holes satisfy the Smarr relation M = 2/3 · T S for arbitrary values of the new couplings (as long as at least one of them is non-vanish) which, intriguingly, is analogous to the one found for a three-dimensional CFT at finite temperature.
The thermodynamic properties of the small higherorder black holes have dramatic consequences for the evaporation process. In particular, as opposed to the Schwarzschild case, the new black holes have infinite lifetimes, so one could speculate that they might act as eternal information reservoirs evading possible unitarity violations. During the evaporation, the black holes require a (normally huge) time ∆t ∼ M
to reach a mass M min ∼ √ M P M c for which the semiclassical description breaks down. At that point, the entropy of the resulting object is still huge, S ∼ M P /M c . This is in stark contrast with the Schwarzschild black hole case, which reaches the Planck mass with an order-one entropy. One can only speculate on what would happen below M min . However, it is worth emphasizing that the tendency suggested by the evaporation process of the new black holes is very different from Schwarschild's: first, if we extrapolated the semiclassical approximation beyond M min , the Schwarzschild black hole would disappear soon after, while the new black holes would placidly keep on living forever; and second, at the semiclassical breakdown point, the issue of being left with an extremely low entropy object gets notably softened.
At this point, it is convenient to stress that attempts to resolve the information paradox involving remnantlike objects [44] have been usually argued to be very difficult to digest [45] [46] [47] [48] . This is, in particular, because one can consider the evaporation process of arbitrary initial black holes, which would imply that an arbitrarily large amount of information would need to be stored in the remnant, forcing such finite-energy object to have an infinite number of internal states (or, in other words, infinitely many "species" of remnants would need to exist, one for each possible initial state collapsing to a black hole). This raises the question of how an arbitrary amount of information could be carried within a Planck volume (or, more generally, the volume associated to the semiclassical breakdown scale) and naturally leads to a problematic infinite production rate of remnant pairssee e.g., [47] . While these remain outstanding issues, 7 our results illustrate that the evaporation process can drastically change when higher-order terms are considered in the gravitational effective action, suggesting new perspectives for the final fate of black holes or, at least, for the way they approach the regime in which the semiclassical description stops making sense. Let us close with some possible future directions. Firstly, it would be convenient to understand how common the thermodynamic properties of the black holes presented here are among other (perhaps more general) higher-derivative corrections to the Einstein-Hilbert action. A different venue worth exploring would entail trying to find out whether some of the new higher-order invariants, R (n) , can actually arise as α corrections in concrete four-dimensional String theory effective actions. One would naively expect that, just like the R (n) , such terms should not give rise to ghosts in the linearized spectrum 8 so, at least from this perspective, there seems to be a chance that this is the case.
It would also be interesting to study other consequences derived from the possible existence of small stable black holes in four dimensions. For example, it has been often argued that microscopic black holes could be responsible for dark matter -see e.g., [43, [53] [54] [55] [56] . While the existence of microscopic Schwarzschild black holes is not allowed due to their rapid evaporation, the stability of the new black holes seems to make them suitable for this purpose.
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Appendix A: Explicit form of the higher-order invariants At each order in curvature, there do not exist two invariants R A (n) and R B (n) giving rise to two different non-trivial contributions to the equation determining the metric function, (3), compatible with the ansatz (1). There is a unique contribution, which is nothing but the one which appears inside the sum in the rhs of (3). However, as we explained in the main text, the invariants R (n) are uniquely defined only up to the addition of terms which do not modify the equations of motion for a general static and spherically symmetric ansatz. For example, one can always modify R (n) by the addition of the corresponding n-th order Lovelock density. In fact, there exists a considerable amount of freedom when choosing the set of R (n) invariants for which (2) admits solutions of the form (1). In the main text, we presented a particular choice of invariants for the n = 3, 4 cases. Those present the additional particularity of sharing the linearized spectrum of Einstein gravity (not only in four dimensions, but) for general D, while being defined in the same way in arbitrary dimensions (i.e., the relative couplings of each invariant do not depend on D, like in the case of Lovelock theories). The general procedure for constructing Einsteinian gravities, which was explained in [28, 35] , could be used to determine whether it is always possible to find examples of R (n) belonging to this class for n ≥ 5.
A simpler approach for constructing high-order invariants consists in considering products of lower-order densities. In particular, we claim that 5 densities suffice to construct examples of R (n) at any order. These densities can be chosen to be
Using the Ricci scalar, the two quadratic invariants, Q 1,2 , and the two cubic ones, C 1,2 , we can construct 3 independent invariants at quadratic order:
at sextic order; 25 at septic order; 36 at octic order, 45 at nonic order, and so on. Observe that this number grows considerably slower than the total number of independent invariants at each order in curvature [57] . Using these, we have constructed the following explicit set of invariants up to n = 10:
Yet a different approach would entail repeating the construction performed in sections II and III in arbitrary dimensions. The idea would be then constructing sets of invariants (with dimension-dependent coefficients) admitting solutions satisfying g tt g rr = −1, according to the criteria explained in section II. The resulting densities would belong to the Generalized quasitopological gravity class in the terminology of [31, 33] (the cubic and quartic cases were developed in those papers). Note that the densities (A2)-(A9) (as well as the Einsteinian ones presented in the main text for n = 3, 4) will be related to such densities through the addition of invariants which do not contribute to the equations of motion when evaluated on a general static and spherically symmetric ansatz.
Ideally, one would like to find a more systematic way of constructing sets of invariants R (n) , or even a closed-form expression from which the densities can be automatically read off. The techniques developed in [58] could be useful for this purpose -see also the discussion in [59] . Let us be even more explicit. In order to do so, we restrict ourselves to the case λ ≥4 = 0. This leaves us with a single correction to the Einstein-Hilbert action in (2), which can be taken to be the Einsteinian cubic gravity term [28] . Since there is a single density, we can set λ 3 = 1 and absorbe the coupling in the definition of M c . For a given mass M , we compute r h (M ) and a 1 (M ). Equivalently, a 2 will also be a function of the mass, although we do not know it explicitly. Applying the previous method to various values of M , we find the values of a 2 shown in Table II . These can be used to construct the numerical solution with = 10 −6 r h . In Fig. 3 , we show a 2 (M ) constructed from the interpolation of discrete values. In the limit M >> (GM c ) −1 , we recover the Schwarzschild value a 2 = −(2GM ) −2 . On the other hand, its is possible to prove that
which is in fact valid for arbitrary values of the λ n . Finding an explicit expression for a 2 (M ) (or at least a more efficient way of computing it for different values of the couplings) would be of interest, in particular in order to perform additional studies of the solutions presented here e.g., in the contexts of holography or gravitational phenomenology, e.g., along the lines of [34, [60] [61] [62] [63] [64] [65] [66] [67] and [68] , respectively.
Higher-order BHs 
Appendix C: (A)dS asymptotes and general horizon geometries
In the main text we have focused on static, spherically symmetric and asymptotically flat solutions. Our results can be easily extended to (A)dS asymptotes as well as to planar or hyperbolic horizon geometries. In particular (2) can be generalized to
where we have now made explicit the topological Gauss-Bonnet term X 4 = R 2 − 4R ab R ab + R abcd R abcd , which we will use to impose the entropy to vanish as M → 0. We can search for solutions of the form
where G L ab is the linearized Einstein tensor,
and where the effective gravitational constant G eff reads
Observe that, for theories with Einstein-like spectrum, this can be generically obtained by using the fact that G/G eff is the slope of the lhs of (D1) evaluated on the background [28, 35] . Finally, in the transverse gauge,∇ a h ab =∇ b h, we can write −¯ h ab = 16πG eff T ab .
(D7)
